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This paper utilizes the consumers’ stochastic reference price
to analyze an omni-channel retailer’s joint dynamic pricing
and production management problem in which consumers
can cancel their orders before payment and return the prod-
ucts after payment if the products don’t meet their expec-
tation. The retailer’s optimal pricing and production rate
are derived by maximizing the total expected profit under
stochastic reference price effects over an infinite horizon in
a continuous framework. The analysis shows that the opti-
mal price and production rate are linear feedback form of the
two state variables when production and inventory/shortage
cost are strictly convex. Moreover, the sufficient conditions
of stability and monotone convergence properties are de-
rived for the expected steady state inventory and reference
price. Finally, a set of sensitivity analysis is discussed to
characterize the impacts of system parameters on the opti-
mal decisions and some managerial insights are revealed.

1. Introduction

With the rapid development of mobile Internet and O2O e-commerce, online and of-
fline integration channels has been accelerated, omni-channel retail has emerged. Omni-
channel retail focuses on a truly integrated approach across the whole retail operation
that delivers a seamless response to the consumer experience through all available shop-
ping channels (see Rigby [28] and Saghiri et al. [30]). Under the omni-channel retail,
consumers are more willing to switch between online and offline channels and exhibit
higher level of satisfaction (see Wallace et al. [35]). Data also shows that the global
e-commerce sales reached $1.86 trillion in 2016 and reached $3.88 trillion in 2018, with
a growth rate of over 10% (see Statista [32]). Thus, more and more online and physical
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retailers have transformed to omni-channel. According to a report from Forrester Re-
search, the sales model of pay-and-buy-online-pick- up-in-store (BOPS) is considered to
be one of the most important omni-channel models and has become an important plat-
form connecting retailers and consumers and an organic part of omni-channel retail (see
Forrester Research 2014). Taking Suning as an example, consumers can enjoy store pick-
up, store appraisal and store return and exchange services at any physical store across
the country after placing an order on Suning cloud platform (Peng and Huang [26]). In
addition, BOPS can also bring potential additional transactions for offline stores, which
is called cross selling profit (see Halzack [12]). A recent United Parcel Service (UPS)
study shows that 45% of consumers will have new purchase when they pick up goods
offline (see UPS [34]). The implementation of the BOPS gives full play to the offline
advantages of traditional retailers, and enhances retailers’ competitive advantages via
offline professional services, convenience and experience advantages.

As an important practice of omni-channel retail, BOPS has been adopted by many
retailers, but the status of consumers under the omni-channel model is prominent, re-
tailers’ pricing and inventory decisions are inevitably inseparable from the consideration
of consumers’ purchase behavior. Consumer’s reference price is one of the important
factors that affect their purchasing decisions. Behavioral science pointed out that con-
sumers will remember the past price information of a product in their mind when they
repeatedly purchase a product, thereby establishing the concept of “fair price”, which is
called reference price (see Kalyanaram and Winer [20]). When a new purchase decision is
made for the same product, consumers will take the reference price as the benchmark of
the current selling price of the product. If the current selling price is lower (higher) than
the reference price, they will think that they have “earned” (“lost”) and are therefore
more likely (unwilling) to buy. Due to the heterogeneity of consumers, the dynamics of
reference price thus may be subject to noise. How this disturbance of reference price
affects the pricing and inventory decisions of omni-channel retailers remains to be stud-
ied. Moreover, the common phenomenon of consumer return under the BOPS mode will
also affect the decision-making of retailers (see Zhang et al. [40]). Thus, how should the
retailer make its pricing and inventory strategies to realize the product price advantage,
save inventory cost and improve profit? These are the practical problems that need to
be solved urgently when the retailer implements the BOPS mode. The solution of these
problems meets the current development needs and has important practical significance.

In order to solve the above problems, this paper studies a continuous time joint pric-
ing and production decisions of an omni-channel BOPS retailer based on the influence
of consumers’ stochastic reference price. By analyzing the mechanism of the impact of
stochastic reference price on the pricing and production strategies, it provides theoretical
suggestions for omni-channel retailers. Whereas, to our best knowledge, previous research
on joint pricing and inventory decisions of omni- channel retailers mainly focused on sin-
gle ordering cycle, and ignored the consumers’ reference price effects (see Liu and Xu
[24] and Zhang et al. [40]). Although recent studies considered the impact of reference
price effects on the pricing and inventory of omni-channel retailers, the reference price
are deterministic (see Li [22]). Besides, previous literature on coordination pricing and
inventory control problem with reference price effects mainly focus on the single-channel
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supply chain, little attention has been paid to omni-channel field (see Chen et al. [4]
and Gler et al. [11]). Thus, this paper tries to fill the gap in the decision-making of
joint pricing and inventory with stochastic reference price effects in omni-channel envi-
ronment. The differences between the existing joint pricing and inventory literature and
ours are as follows: (1) The existing literature are focused on the deterministic reference
price, while we consider the stochastic reference price effects. (2) The existing literature
studies the periodic review joint pricing and inventory model, while we focus on contin-
uous time joint pricing and production model. The model we studied incorporates the
following features: (1) Omni-channel business mode; (2) Price and stochastic reference
price sensitive demand function; (3) A continuous time, dynamic environment; (4) Two
controls at each time: product sales price and production rate.

The rest of the paper is organized as follows. Section 2 reviews related literature.
Section 3 presents a theoretical model to formulate the omni-channel with stochastic
reference price effects. Section 4 investigates several structural properties of the optimal
strategies. Numerical results of sensitivity analysis are represented in Section 5. Some
managerial insights are provided in Section 6. Section 7 concludes our paper. All the
proofs are presented in Appendix.

2. Literature Review

This paper is related to two streams of literature: one delves into omni-channel pric-
ing and inventory management while the other discusses the joint pricing and inventory
model with reference price effects. We review the related areas below.

The first relevant area is research related to pricing and inventory management
of omni-channel BOPS retailers. First of all, in the study of the pricing decisions of
retailers alone, Jin et al. [19] derived the optimal decisions on the product price and
recommend service area for the retailer adopting BOPS. Zhang et al. [41] analyzed the
pricing strategies when retailers who implement the BOPS model compete with those
who only implement network channel operation. Harsha et al. [14] considered the pricing
strategy of online and offline inventory sharing. Li et al. [23] explored an omni-channel
pricing problem under which the retailer offers coupons via online channels for market
share and profit. Secondly, in the aspect of supply chain coordination pricing decisions,
He et al. [15] investigated the BOPS mode where the manufacturer sells products to
online consumers directly and the online ordered products are delivered from the offline
retailer’s store. They derive the optimal pricing decisions for the manufacturer and
retailer respectively and identify the optimal channel strategy from the perspectives of
demand and profit. Fan et al. [7] discussed the problem of pricing and inventory decision-
making where an online retailer and an offline retailer cooperate to implement the BOPS
mode. Further, it worth mentioning that the BOPS mode require consumers to pay at
the moment of ordering online, and they know the exact value of the product only after
receiving/picking it, which may cause many product returns (see Zhang et al. [40]).
Thus, Liu and Xu [24] studied an omni-channel BOPS retailer’s pricing and ordering
model considering online returns. Zhang et al. [40] considered the omni-channel BOPS
mode that allows both online and offline consumers to return and cancel orders, where
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consumers do not need to pay immediately after placing an order. Li [22] extended
the model in [40] to the multi-period case and considers the consumers’ reference price
effects. He et al. [17] considered an omni-channel pricing and inventory model where
consumers can return unsatisfied products to the retailer, and the returned items can
be resold as refurbished products in the circular economy era. He et al. [16] further
studied centralized and decentralized models for the pricing and inventory decisions of
deterioration products with a vendor and a retailer. The above literature seldom consider
the consumers’ reference price effects. In reality, the reference price effects has significant
impact on retailers’ operation and marketing strategies.

The second stream of related research is on joint pricing and inventory model with
reference price effects. This line of research mainly focuses on two aspects, i.e., periodic
review and continuous review. The research on periodic review joint pricing and inven-
tory model under reference price effects started with Gimpl-Heersink [10], who proves
the optimality of base-stock-list-price for the two-period model when the customers are
loss neutral. The recent research on this aspect are as follows. Gler et al. [11] analyzed a
multi-period joint pricing and inventory problem of a single item with stochastic demand
subject to reference price effects, they use the safety stock as a decision variable to char-
acterize the steady state solutions to the problem when the planning horizon is infinite.
Wu et al. [38] considered a multi-period joint pricing and inventory model when strategic
consumers are affected by reference price. Chen et al. [4] introduced a concave transfor-
mation to ensure the concaveness of profit function, and then prove the optimality of the
base-stock-list-price strategy. Song et al. [31] studied a multi-period joint pricing and
inventory model when loss-averse consumers are affected by reference price. Wang et
al. [36] further analyzed a joint pricing and inventory control model when loss-neutral,
loss-averse and gain-seeking consumers coexist. Li and Teng [21] investigated a multi-
period pricing and inventory decisions for perishable goods when demand depends on
selling price, reference price, product freshness and displayed stocks. Li [22] considered
a multi-period pricing and inventory decisions of an omni-channel retailer. However,
continuous time pricing and inventory system considering reference price effects is more
recent. Zhang et al. [42] extended the above symmetric reference price to asymmetric
form and study a joint dynamic pricing and production model with asymmetric refer-
ence price effects. The reference price aforementioned are deterministic, the literature on
pricing and inventory considering stochastic reference price is relatively rare. In terms
of periodic review, Bi et al. [2] constructed a periodic review dynamic pricing model
by incorporating the concept of memory window into the stochastic reference price and
then examine the optimal pricing strategies of a monopolist in response to consumers
who exhibit loss aversion and reference dependence. Furthermore, in the framework of
continuous review, Chen et al. [5] considered a dynamic pricing problem of a firm facing
stochastic reference price effects. Wu and Wu [37] further investigated a dynamic pricing
and risk analytics problem under competition and stochastic reference price effects. Cao
and Duan [3] analyzed a joint pricing and production inventory system under stochastic
reference price effects. For other related works in this stream of research, interested
readers may refer to the recent review by Ren and Huang [27].

In summary, the following conclusions can be drawn from the above literature review.
First of all, in the first stream of research, it is rare to study the pricing and inventory
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strategies of omni-channel BOPS retailers under the reference price effects. Although
Li et al. [22] has considered this issue, the reference price is deterministic. Secondly, in
the second stream of research, although existing studies have shown that the reference
price effects have important impacts on retailers’ pricing and inventory decisions, the
reference price considered is also deterministic. Thirdly, in the research on the effects of
stochastic reference price, current research mainly explores how pricing strategies should
account for the stochastic reference price effects in the absence of inventory consideration
(see Chen et al. [5] and Wu and Wu [37]). Although Cao and Duan [3] has explored
the impacts of stochastic reference price effects on retailers’ joint pricing and inventory
strategies, it is considered from the single-channel perspective. This gives reason for
us to fills the gap in the decision-making of joint pricing and inventory with stochastic
reference price effects in omni-channel environment.

3. Model Description

Consider a retailer (“he”), initially an online retailer, who previously operated a
single online channel that only served for online consumers. At present, he has added
a physical store and implemented the omni-channel strategy, which allows consumers
to place orders online without paying immediately. With this allowance, a consumer
(“she”) who places an order online can choose to (i) pay online and wait for the package
delivered, or (ii) visit the physical stores to touch and feel the product before payment,
and then buy and pick up it (i.e., choose “BOPS”). The buying procedure of a consumer
who orders online is depicted in Figure 1, where and be the fractions of consumers who
place orders online choose to (i) and (ii), respectively.

As shown in Figure 1, after placing an order online, if a consumer chooses to (i), she
knows the exact value of the product only after receiving it. If the actual value doesn’t
meet her expectation, she can return the product with a full refund (see Choi and Guo
[6]), but she needs to pay the return shipping fee for each unit of the product (see Li
and Teng [21]). Suppose the forward shipping fee is paid by the retailer while the return
shipping fee is paid by the consumer and the express company charges the same shipping
fee m for both of them. If an online consumer chooses to (ii), she needs to visit the
store and then decides whether to keep the product or cancel the order in store. The
cancellation of the orders doesn’t pay anything. The return probabilities of consumers
who choose to (i) and (ii) are ξ and φ, respectively. Because offline consumers and BOPS
consumers have the same perception of the product, the probability of offline consumers
returning is also assumed to be φ. Moreover, assume that there is an additional cross
selling profit l from every consumer visiting the store (see UPS [34]).

The omni-channel retailer orders and sells a single-item over an infinite planning
horizon. The retailer charges the same price p(t) at time t over the physical and online
channels. Let R(t) denote the consumer’s reference price, according to Fibich et al. [8]
and Zhang et al. [39], the reference price is modeled as continuous weighted average of
past prices with an exponentially decaying weighting function, namely

R(t) = λe−λt
∫ t

−∞
eλsp(s)ds,
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Figure 1: Buying procedure of a consumer who orders online under the omni-channel environment.

where λ > 0 is called “memory effect” parameter (0 ≤ λ ≤ 1), which represents the degree
of forgetfulness about the product’s prior prices. A higher λ indicates that consumers
are more impacted by the product’s latest prices, i.e., the consumers are lower loyalty.
If λ = 0 consumers never remember any past prices and the reference price R(t) will
remain at the initial reference price R(0) = R0, which is a constant. We extend the
above reference price formation using a stochastic differential equation:

dR(t) = λ(p(t)−R(t))dt+ ε
√
R(t)dY (t), (3.1)

where Y (t) denotes a standard Wiener process and the square-root diffusion term ε
√
R(t)

represents the volatility of stochastic reference price.
The demand rate function at time t in the presence of reference price effects is

D(p(t), R(t)) = β0 − β1p(t) + γ(R(t)− p(t)), (3.2)

where β0 denotes the basic market size, β1 represent the effect intensity of the current
sales price and γ reflects the reference price effects. A higher γ implies that consumers
are more sensitive to the gap between the sales price and reference price, γ = 0 represents
having no reference price effects. Then the cumulative demand up to time t, Q(t), can
be determined by the following stochastic process

dQ(t) = D(p(t), r(t))− δdW (t), t ≥ 0, (3.3)

where the Wiener process W (t) is not correlated with Y (t).
Let k be the fraction of the demand served under the single online channel, i.e., the

demand was kdQ(t) at time t when the retailer used to operate a single online channel.
The omni-channel will lead to an incremental demand (1− k)dQ(t) for the retailer from
both the online and offline channels at time t. Let ρ and 1 − ρ be the fractions of the
incremental demand coming from the online and offline market, respectively. Then at
time t, the online channel demand is increased from kQ(t) to [k + ρ(1 − k)]dQ(t), and
the offline channel demand is increased from 0 to (1− ρ)(1− k)dQ(t).

The inventory is shared across channels (see Harsha and Subramanian [13]), the
production/replenishment is instantaneous and infinite and the lead time is zero. The
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dynamics of inventory is influence by the production rate u(t) and the cumulative demand
Q(t), which is given by the following stochastic differential equation:

dX(t) = u(t)− dQ(t). (3.4)

Taking (3.2) and (3.3) into account, the above inventory dynamics (3.4) becomes

dX(t) = [u(t)− (β0 − β1p(t) + γ(R(t)− p(t)))]dt+ δdW (t), X(0) = X0, t ≥ 0. (3.5)

where X(0) = X0 is the initial inventory level. Moreover, let C(u(t)) and H(X(t)) be
the production and inventory/shortage cost, respectively. Both of them are assumed to
be twice continuously differentiable, nonnegative and strictly convex.

Based on the above analysis, the omni-channel retailer’s expected total profit can be
written as

J =E

∫ ∞
0

e−zt{[pK1(1−σ)(1−ξ)+sK1(1−σ)ξ−mK1(1−σ)+pK1σ(1−φ)+sK1σφ

+lK1σ+pK2(1−φ)+sK2φ+lK2]dQ(t)−C(u(t))−H(X(t))}dt, (3.6)

where E denotes the expectation operator. z > 0 stands for the discount rate, which
is an exogenous constant and determined by the cost of capital. K1 = ρ(1 − k) + k,
K2 = (1− ρ)(1− k) and K1 +K2 = 1. λ1 = (1− σ)K1, λ2 = σK1 +K2 and λ1 +λ2 = 1.
In the curly brackets of (3.6), the first three terms denote the revenue from online
consumers who buy online directly at time t, while the fourth to sixth terms represent
the revenue from BOPS consumers at time t. The seventh to ninth terms represent the
revenue from offline consumers at time t. Moreover, (3.6) can be arranged as follows:

J =E

∫ ∞
0

e−zt{[λ1((p− s)(1− ξ)−m) + λ2((p− s)(1− φ) + l) + s]D(p(t), R(t))

− C(u(t))−H(X(t))}dt− E
∫ ∞

0
e−ztp(t)δdW (t)

=E

∫ ∞
0

e−zt{[λ1((p− s)(1− ξ)−m) + λ2((p− s)(1− φ) + l) + s]D(p(t), R(t))

− C(u(t))−H(X(t))}dt,

where the last equation holds since E

∫ ∞
0

e−ztp(t)δdW (t) = 0 by Theorem 4.1.14(e) in

Arnold [1].
The retailer’s objective is to find the optimal pricing p∗(t) and production rate u∗(t)

by maximizing the total profit J over the infinite planning horizon from the admissible
control set Ω = {(p(t), u(t)) | (p(t), u(t)) ∈ [p, p]× [0,∞)}, specified as

max
u(t),p(t)∈Ω

E

∫ ∞
0

e−zt{[λ1((p− s)(1− ξ)−m) + λ2((p− s)(1− φ) + l) + s]

× [β0 − β1p(t) + γ(R(t)− p(t))]− C(u(t))−H(X(t))]dt

s.t. dX(t) = [u(t)−(β0−β1p(t)+γ(R(t)−p(t)))]dt+δW (t), X(0) = X0,

dR(t) = λ(p(t)−R(t)) + ε
√
R(t)dY (t), R(0) = R0.

(3.7)
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Table 1: Summary of notations.

Notation Description

Decision variables
p(t) The omni-channel retailer’s retail price at time t.
u(t) The unit production rate at time t.

Parameters
C(·), H(·) The production cost and inventory holding/shortage cost, respectively.
Y (t),W (t) The standard Wiener processes.
z The discount factor (0 < z < 1).
γ The magnitude of the reference price effects.
λ The memory factor (0 < λ < 1).
c The unit inventory and procurement cost.
m The unit shipping fee.
t The unit travelling cost of consumers to visit the store.
s The salvage price for a leftover unit.
l The cross-selling benefit.
ξ The return rate of online channel consumers who choose to pay online and wait for

product shipment.
φ The return rate of BOPS and offline channel consumers.
σ The fraction of online consumers choosing to BOPS and 1 − σ is the fraction of

online consumers choosing to buy online directly.
ρ The fraction of the incremental demand (brought by the omni-channel strategy)

coming from the online market and 1−ρ is the fraction of the incremental demand
coming from offline market.

k The fraction of the market demand served under the single online channel strategy.

The related parameters and variables used in this paper are summarized in Table 1;

other notations will be defined as needed.

4. Structural Analysis of the Optimal Omni-channel Strategies

In this section, we analyze the structural properties of the omni-channel retailer’s

optimal pricing and production rate by solving the optimization problem (3.7). We adopt

a continuous-time version of dynamic programming approach. Let V (X,R) be the profit-

to-go function, i.e., the optimal profit onward if the current inventory and reference price

pair is (X,R). Then the optimization problem (3.7) is equivalent to solving the following

HJB equation:

zV = max
u(t),p(t)∈Ω

{
[λ1((p− s)(1− ξ)−m) + λ2((p− s)(1− φ) + l) + s]

× [β0 − β1p(t) + γ(R(t)− p(t))]− C(u(t))−H(X(t))

+ VX [u(t)− (β0 − β1p(t) + γ(R(t)− p(t)))]

+ VRλ(p(t)−R(t)) +
1

2
δ2VXX +

1

2
ε2RVRR

}
, (4.1)
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where Vi = ∂V/∂i and Vii = ∂2V/∂i2, i = X,R. Equation (4.1) enables us to derive
the feedback sales pricing p∗(t) and production rate u∗(t) as summarized below. For the
smoothness of the paper, all the proofs of main results are available in Appendix.

Proposition 1. The optimal sales price and production rate of the optimization problem
(3.7) are:

(i) If p ≤ (1−λ1ξ−λ2φ)(β0+γR)+(β1+γ)VX+λVR−(λ1ξ+λ2φ)s
∆1

≤ p, then the optimal sales price
is

p∗ =
(1− λ1ξ − λ2φ)(β0 + γR) + (β1 + γ)VX + λVR − (λ1ξ + λ2φ)s

∆1
, (4.2)

where ∆1 = (β1 + γ) + (1 − λ1ξ − λ2φ). Otherwise, the solution is a boundary
solution, i.e., p∗ = p or p∗ = p.

(ii) If Cu(0) < VX , the optimal production rate is given by

u∗ = C−1
u (VX), (4.3)

where Cu is the partial derivative of C with respect to u. Otherwise, u∗ = 0.

Follows from Proposition 1 that the expressions of optimal sales price and production
rate are implicit, in order to express the explicit solution of the optimal sales price and
production rate conveniently, and in line with many previous production control models
(see Cao and Duan [3] and Heron and Kogan [18]), all cost functions are assumed to be
quadratic, which is given by

Cu = c1u+ c2u
2 and H(X) = x1X + x2X

2, (4.4)

where c2, x2 > 0. Then the following result is immediately holds.

Corollary 1. The optimal sales price and production rate of the optimization problem
(7) are:

(i) If p ≤ (1−λ1ξ−λ2φ)(β0+γR)+(β1+γ)VX+λVR−(λ1ξ+λ2φ)s
∆1

≤ p, the optimal sales price is
given by

p∗ =
(1− λ1ξ − λ2φ)(β0 + γR) + (β1 + γ)VX + λVR − (λ1ξ + λ2φ)s

∆1
, (4.5)

where ∆1 = (β1 + γ) + (1− λ1ξ − λ2φ) > 0. Otherwise, the solution is a boundary
solution, i.e., p∗ = p or p∗ = p.

(ii) If c1 < VX , the optimal production rate is given by

u∗ =
1

2c2
(Vx − c1). (4.6)

Otherwise, u∗ = 0.

Corollary 1 indicates that the optimal sales price and production rate depend on the
partial derivatives of the omni-channel retailer’s profit-to-go function V (X,R). Through
calculation, we give the complete expression of the profit-to-go function in Proposition
2 below, which enables us to obtain the fully expression of the optimal sales price and
production rate.
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Proposition 2.

(i) The following expression satisfies the HJB equation (4.1) associated with problem
(3.7):

V (X,R) = a1 + a2X + a3X
2 + a4XR+ a5R+ a6R

2, (4.7)

where the coefficients ai (i = 1, 2, . . . , 6) are given in the Appendix.

(ii) With the quadratic cost function (4.4) and the coefficient ai (i = 1, 2, . . . , 6), if
p = 1

∆1
(α1 + α2X + α3R) ≤ p, then the optimal sales price can be expressed by:

p∗(X,R) =
1

∆1
(α1 + α2X + α3R), (4.8)

where ∆1 = (β1 + γ) + (1− λ1ξ − λ2φ) > 0, α1 = (1− λ1ξ − λ2φ)β0 + (β1 + γ)a2 +
λa5−(λ1ξ+λ2φ)s, α2 = 2(β1+γ)a3+λa4, α3 = (1−λ1ξ−λ2φ)γ+(β1+γ)a4+2λa6.

(iii) With the quadratic cost function (4.4) and the coefficient ai (i = 1, 2, . . . , 6), if
a2 − c1 + 2a3X + a4R ≥ 0, then the optimal sales price can be expressed by:

u∗(X,R) =
1

2c2
(a2 − c1 + 2a3X + a4R). (4.9)

Proposition 3 shows that the optimal sales price and production rate at time t depend
on the current inventory level and reference price pair (X(t), R(t)) and both of them are
linear combination of X and R. In addition, because the coefficients ai (i = 1, 2, . . . , 6)
in (4.8) and (4.9) are highly nonlinear, it is difficult to show the relation-ship between
the optimal price and the optimal production rate with respect to X and R, so we will
analyze it through the numerical analysis in Section 5.

Because the planning period is infinite, we will pay more attention to the optimal
sales price and production rate in the steady state (t → ∞), which is shown in the
following proposition.

Proposition 3. The optimal sales price p∗ss and the optimal production rate u∗ss in steady
state, the resulting expected steady state inventory xss, reference price path rss as well as
profit can be given by:

p∗ss = r∗ss =
c2α2[∆1(2c1β0 − a2 + c1)− 2c1α1(β1 + γ)] + 2c1α1[∆1a3 + c2α2(β1 + γ)]

α2c1[∆1a4 + 2c2α3(β1 + γ)− 2∆1c2γ] + 2c1(α3 −∆1)[∆1a3 + c2α2(β1 + γ)]
,

u∗ss =
1

2c2
(a2 − c1 + 2a3X + a4r

∗
ss),

xss =
c1α1[∆1(a4−2c2γ)+2c2α3(β1+γ)]+c2(α3−∆1)[∆1(2c2β0−a2+c1)−2c1α1(β1+γ)]

2c1(α3−∆1)[∆1a3+c2α2(β1+γ)]−c1α2[∆1a4+2c2α3(β1+γ)−2∆1c2γ]
,

and

Vss = a1 + a2xss + a3(xss)
2 + a4xssrss + a5rss + a6(rss)

2,

where the subscript “ss” stands for the steady state, ∆1 = (β1 +γ)+(1−λ1ξ−λ2φ) > 0,
α1 = (1 − λ1ξ − λ2φ)β0 + (β1 + γ)a2 + λa5 − (λ1ξ + λ2φ)s, α2 = 2(β1 + γ)a3 + λa4,
α3 = (1− λ1ξ − λ2φ)γ + (β1 + γ)a4 + 2λa6. the coefficients ai (i = 1, 2, . . . , 6) are given
in the Appendix.
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The following proposition provides the sufficient condition for globally asymptotic
stability and convergence of the expected steady state inventory xss and reference price
r∗ss.

Proposition 4. For the optimization problem (3.7), if

2(α3 −∆1)[∆1a3 + c2α2(β1 + γ)]− α2[∆1a4 + 2c2(β1 + γ)− 2γc2∆1] > 0,

and

∆1a3 + c2α2(β1 + γ) + λc2(α3 −∆1) < 0,

then the expected steady state inventory xss and reference price r∗ss are asymptotically
stable. Further, if [tr(J)]2 − 4 det(J) ≥ 0, the stable steady inventory xss and reference
price r∗ss are monotonically convergent, i.e., it is a sink. Otherwise, the convergence is
with transient oscillations, i.e., it is a spiral sink.

5. Numerical Analysis

In this section, we proceed several numerical experiments to illustrate the above
theoretical results and gain some managerial insights. All experiments below are per-
formed in MATLAB R2014b on a laptop with an Intel(R) Core (TM) i5-7200U central
processing unit CPU (2.50GHz, 2.70GHz) and 8.0 GB of RAM running 64-bit Windows
10 Enterprise.

Consider an omni-channel inventory system with the following initial parameter
values: β0 = 100, β1 = 2, s = 1, m = 2, l = 1, λ = 0.2, γ = 1.25, z = 0.15,
σ = 0.3, ξ = 0.04, φ = 0.03, ρ = 0.6, k = 0.6, ε = 0.1, δ = 0.75, p = 20, p =
100. Moreover, the total inventory holding/shortage cost and total production cost are
−2X + 0.5X2 and −5u + 5u2, respectively. With the parameters above, we can calcu-
late that a1 = 111751.8561047051, a2 = 27.8388477405554, a3 = −0.628483741156556,
a4 = 1.54429434508493, a5 = 391.114589523677 and a6 = 5.0069141904786 from the
Riccati System in the Appendix. Further, the values of αi (i = 1, 2, 3) in (15) are
α1 = 265.0752930615404, α2 = −3.774258430615916 and α3 = 8.259811338344042.
Thus, the optimal sales price p∗ and production rate u∗ in (15) and (16) are

p∗ = 62.90169550050023− 0.8956219639250X + 1.9600323052842R, (4.10)

and

u∗ = 3.2838847740555− 0.1256967482313X + 0.155442943408R. (4.11)

It follows from (4.10) and (4.11) that both the optimal sales price p∗ and production
rate u∗ are increasing in the consumers’ reference price R and decreasing in the inventory
level X. Moreover, follows from the parameter values calculated above that det(J) =
0.64093963306223 and tr(J) = −2.84461669930959. Hence, we have [tr(J)]2−4 det(J) =
5.527203659455924 > 0, this indicates that both the expected steady state of inventory
level xss = 129.7039977168851 and reference price r∗ss = 55.481522200820145 are global
asymptotically stable and the convergence to these states is monotonic. Furthermore,
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the sensitivity analysis of the key system parameters, including the demand uncertainty

δ, the reference price uncertainty ε, the reference price effect intensity γ, the memory

parameter λ, the return rate ξ and φ, the fraction of BOPS σ, the shipping fee m and the

cross-selling profit l, is presented on the expected steady state sales price p∗ss, reference

price r∗ss, production rate u∗ss, inventory level xss and profit Vss. The corresponding

computational results are presented in Tables 2-7.

As shown in Table 2, although the demand uncertainty δ does not affect the optimal

sales price p∗ss, production rate u∗ss and inventory level xss in the steady state, but it

affects the retailer’s profit Vss. Table 2 indicates that the retailer’s profit Vss decrease

as demand uncertainty increases. This means that the demand uncertainty has an im-

portant impact on retailers’ profitability. Especially in today’s omni-channel era, the

behavior of consumers becomes more uncertain, which will also affects the demand fore-

cast of retailers. In addition, the demand forecast also needs to consider the demand of

online and offline consumers. Therefore, it is particularly important for retailers to ac-

curately predict consumer demand in the context of omni-channel era, thereby reducing

the impact of demand uncertainty on their profitability. Moreover, Table 2 also presents

the impact of reference price uncertainty ε on the retailer’s optimal sales price p∗ss, pro-

duction rate u∗ss, inventory level xss and profit Vss in the steady state. From Table 2,

we can see that the optimal sales price p∗ss, inventory level xss and profit Vss increase

with the reference price uncertainty, while the production rate u∗ss decreases. This can

be intuitively illustrated as follows. The increase in the uncertainty of the reference price

will cause the retailer increase the sales price, although in the short term, it will make

consumers feel that the difference between reference price and actual sales price is too

large, which will affect their purchase desire, thus leading to an increase in the retailer’s

inventory level and a decrease in production rate. However, in the long run, with the

increase of consumers’ reference price, the gap between reference price and actual sales

price will decrease, which will eventually benefit the retailer.

Table 2: The effect of demand uncertainty δ and reference price uncertainty ε on p∗ss, r
∗
ss, u

∗
ss,

xss and Vss.

ε δ p∗ss(r
∗
ss) u∗ss xss Vss

0.1 0.45 55.48152 -4.39527 129.70399 1234741.9968
0.1 0.55 55.48152 -4.39527 129.70399 1234741.5778
0.1 0.65 55.48152 -4.39527 129.70399 1234741.0750
0.1 0.75 55.48152 -4.39527 129.70399 1234740.4884
0.6 0.45 55.48378 -4.39609 129.72800 1235176.7316
0.6 0.55 55.48378 -4.39609 129.72800 1235176.3126
0.6 0.65 55.48378 -4.39609 129.72800 1235175.8098
0.6 0.75 55.48378 -4.39609 129.72800 1235175.2232
1.1 0.45 55.48926 -4.39808 129.78629 1236232.7770
1.1 0.55 55.48926 -4.39808 129.78629 1236232.3580
1.1 0.65 55.48926 -4.39808 129.78629 1236231.8552
1.1 0.75 55.48926 -4.39808 129.78629 1236231.2686
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Table 3 presents the impact of reference price effect intensity γ on the retailer’s
optimal sales price p∗ss, production rate u∗ss, inventory level xss and profit Vss in the steady
state. As shown in Table 3, the optimal sales price p∗ss, inventory level xss and profit Vss
decrease with the reference price intensity, while the production rate u∗ss increases. This
implies that under the premise that the stochastic reference price is considered, the large
gap between the reference price and the actual sales price will cause the retailer to reduce
the sales price, thereby reducing this gap and driving demand. Previous research on
deterministic reference price have shown that such a sales strategy of retailers can increase
their profit in the short term, whether it is for single-channel retailers or omni-channel
retailers (see Li [22]). However, when the uncertainty of consumers’ reference price
is considered, although the increase of demand reduces the inventory level of retailers
and increases production rate, this sales strategy is not conducive to the profitability of
retailers in the long run.

Table 3: The effect of reference price effect γ and reference price uncertainty ε on δ, p∗ss, r
∗
ss, u

∗
ss,

xss and Vss.

ε γ p∗ss(r
∗
ss) u∗ss xss Vss

0.1 1.00 55.71031 -4.85285 133.62728 1244663.4407
0.1 1.25 55.48152 -4.39527 129.70399 1234740.4884
0.1 1.50 55.28763 -4.00748 126.37908 1226350.4577
0.1 1.75 55.12121 -3.67465 123.52535 1219163.6503
0.6 1.00 55.71261 -4.85375 133.65192 1245102.8955
0.6 1.25 55.48378 -4.39609 129.72800 1235175.2232
0.6 1.50 55.28985 -4.00824 126.40255 1226781.2074
0.6 1.75 55.12341 -3.67535 123.54835 1219590.9907
1.1 1.00 55.71818 -4.85591 133.71176 1246170.4090
1.1 1.25 55.48926 -4.39808 129.78629 1236231.2686
1.1 1.50 55.29526 -4.01007 126.45953 1227827.5706
1.1 1.75 55.12875 -3.67705 123.60421 1220629.0705

Table 4 provides the impact of memory factor λ on the retailer’s optimal sales price
p∗ss, production rate u∗ss, inventory level xss and profit Vss in the steady state. As shown
in Table 3, when the uncertainty of consumers’ reference price is considered, the optimal
sales price p∗ss, inventory level xss and profit Vss increase with the memory factor λ,
while the production rate u∗ss decreases. The previous studies on deterministic reference
price have shown that the retailer should reduce the sales price when consumers are
more sensitive to the latest prices, whether it is for single-channel retailers or omni-
channel retailers (see Li [22]). However, both Table 3 and Table 4 have shown that the
retailer’s price reduction strategy is unfavorable to its long-term profitability. From the
perspective of long-term sales, the most important thing for retailers is to increase the
reference price of consumers in order to reduce the gap between the sales price and the
reference price, which is beneficial to the increase of the retailer profit.

Table 5 presents the impact of return rate ξ and φ on the retailer’s optimal sales price
p∗ss, production rate u∗ss, inventory level xss and profit Vss in the steady state. It follows
from Table 5 that the optimal sales price p∗ss, inventory level xss and profit Vss decrease
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Table 4: The effect of memory factor λ and reference price uncertainty ε on p∗ss, r
∗
ss, u

∗
ss, xss and

Vss.

ε λ p∗ss(r
∗
ss) u∗ss xss Vss

0.1 0.2 55.48152 -4.39527 129.70399 1234740.4884
0.1 0.3 57.49582 -8.42386 164.24501 1322959.1906
0.1 0.4 59.78705 -13.0063 203.53502 1425654.5248
0.1 0.5 62.41656 -18.2653 248.62573 1546590.7015
0.6 0.2 55.48378 -4.39609 129.72800 1235175.2232
0.6 0.3 57.49836 -8.42526 164.27404 1323434.6410
0.6 0.4 59.78993 -13.0084 203.56976 1426178.0272
0.6 0.5 62.41982 -18.2682 248.66702 1547171.6305
1.1 0.2 55.48926 -4.39808 129.78629 1236231.2686
1.1 0.3 57.50456 -8.42867 164.34452 1324589.6094
1.1 0.4 59.79693 -13.0134 203.65412 1427449.7446
1.1 0.5 62.42775 -18.2751 248.76730 1548582.8751

with the return rate ξ and φ, while the production rate u∗ss increases. This demonstrates

that the increase of return rate makes the retailer have to reduce the sales price, which

will increase consumer demand and production rate to some extent. However, in the

long run, the increase of return rate will reduce the profit of retailers.

Table 5: The effect of return rate ξ and φ on p∗ss, r
∗
ss, u

∗
ss, xss and Vss.

φ ξ p∗ss(r
∗
ss) u∗ss xss Vss

0.01 0.04 55.49712 -4.42648 129.97151 1235416.3146
0.01 0.05 55.48599 -4.40421 129.78061 1234934.0338
0.01 0.06 55.47486 -4.38195 129.58972 1234451.8353
0.01 0.07 55.46373 -4.35968 129.39884 1233969.7191
0.03 0.04 55.48152 -4.39527 129.70399 1234740.4884
0.03 0.05 55.47039 -4.37301 129.51311 1234258.3230
0.03 0.06 55.45926 -4.35075 129.32223 1233776.2399
0.03 0.07 55.44813 -4.32849 129.13136 1233294.2391
0.05 0.04 55.46592 -4.36408 129.43650 1234064.8240
0.05 0.05 55.45479 -4.34181 129.24562 1233582.7739
0.05 0.06 55.44366 -4.31955 129.05476 1233100.8061
0.05 0.07 55.432531 -4.29729 128.86390 1232618.9207

Table 6 shows the impact of the fraction of online consumers choosing to BOPS

σ on the retailer’s optimal sales price p∗ss, production rate u∗ss, inventory level xss and

profit Vss in the steady state. It follows from Table 6 that the optimal sales price p∗ss,

inventory level xss and profit Vss increase with σ, while the production rate u∗ss decreases.

This implies that if the retailer takes the stochastic reference price into his pricing and

production decisions, it is always beneficial to keep a lower production and have a higher

price. Otherwise, the model indicates that the retailer would systematically produce

more and price too low, and thus lose profit.
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Table 6: The effect of the fraction of online consumers choosing to BOPS σ on p∗ss, r
∗
ss, u

∗
ss, xss

and Vss.

σ p∗ss(r
∗
ss) u∗ss xss Vss

0.1 55.47834 -4.38891 129.64946 1234602.71848
0.3 55.48152 -4.39527 129.70399 1234740.48844
0.5 55.48470 -4.40163 129.75854 1234878.26513
0.7 55.48788 -4.40800 129.81308 1235016.04853
0.9 55.49106 -4.41436 129.86762 1235153.83866

Table 7: The effect of shipping fee m and cross-selling profit l on p∗ss, r
∗
ss, u

∗
ss, xss and Vss.

m l p∗ss(r
∗
ss) u∗ss xss Vss

2 2 55.48152 -4.39527 129.70399 1234740.4884
2 3 55.48152 -4.39527 129.70399 1234740.4884
2 4 55.48152 -4.39527 129.70399 1234740.4884
2 5 55.48152 -4.39527 129.70399 1234740.4884
3 2 55.48152 -4.39527 129.70399 1234740.4884
3 3 55.48152 -4.39527 129.70399 1234740.4884
3 4 55.48152 -4.39527 129.70399 1234740.4884
3 5 55.48152 -4.39527 129.70399 1234740.4884
4 2 55.48152 -4.39527 129.70399 1234740.4884
4 3 55.48152 -4.39527 129.70399 1234740.4884
4 4 55.48152 -4.39527 129.70399 1234740.4884
4 5 55.48152 -4.39527 129.70399 1234740.48847

Table 7 presents the impact of shipping feem and cross-selling profit l on the retailer’s
optimal sales price p∗ss, production rate u∗ss, inventory level xss and profit Vss in the steady
state. It can be seen from Table 7 that the shipping fee m and cross-selling profit l have no
effect on the expected steady state optimal sales price p∗ss, production rate u∗ss, inventory
level xss and profit Vss. This is different from the previous study on the deterministic
reference price, which showed that the increase in shipping fee m and cross-selling profit
l is unfavorable for retailers to increase the sales price. However, when the stochastic
reference price is considered, these are not the key factors that retailers consider when
making their pricing and production decisions. This provides the necessary guarantee
for retailers to implement the strategy accurately.

6. Managerial Insights

In this section, some managerial insights are derived from the previous numerical
analysis, which can be adopted by an omni-channel retailer to formulate its pricing and
production strategies with stochastic reference price effects.

First, the demand uncertainty δ has a negative impact on the retailer’s profit Vss in
the steady state. Hence, the retailer can not ignore the impact of demand uncertainty
on its retail operations. Especially in the omni-channel era where the mobile Internet is
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highly developed, the behavior of consumers becomes more uncertain, which will affect
the demand forecast. In addition, the demand forecast needs to consider both online and
offline consumers. Therefore, it is particularly important for retailers to accurately pre-
dict consumer demand in the context of omni-channel era, thereby reducing the impact
of demand uncertainty on their profitability.

Second, when the uncertainty of the reference price ε increases, we have known that
the uncertainty of the reference price has positive impacts on the retailer’s sales price p∗ss
and profit Vss in the steady state, the retailer should increase the sales price, although
in the short term, it will make consumers feel that the difference between reference price
and actual sales price is too large, which will affect their purchase desire, thus leading to
an increase in the retailer’s inventory level and a decrease in production rate. However,
in the long run, with the increase of consumers’ reference price, the gap between reference
price and actual sales price will decrease, which will eventually benefit the retailer.

Third, if the consumer’s ability to remember past price becomes stronger or the
gap between the actual sales price and consumers’ reference price becomes larger, it
illustrates that consumers will become less loyal to the product, which will usually cause
the retailer reduce the sales price. Although reducing sales price can stimulate demand,
reduce inventory level and increase production rate in the short term. However, just
as shown in Table 3 and Table 4, when the uncertainty of consumers’ reference price is
considered, the markdown policy is not conducive to the retailer’s profitability in the
long run. It is always beneficial to keep a lower production and have a higher sales price.
Otherwise, the retailer would systematically produce more and price too low, and thus
lose profit.

Fourth, when the uncertainty of consumers’ reference price is considered, the fraction
of online consumers choosing to BOPS σ have positive impacts on the optimal sales
price p∗ss, inventory level xss and profit Vss in the steady state. This shows that the
retailer can benefit from the advantages of high-quality services and in-store experience
provided by offline physical stores. Thus, in addition to laying out online channel for
the omni-channel BOPS retailer, it is also necessary to strengthen the service operations
of physical stores, such as creating a comfortable physical store experience environment,
offering customized service and improving expertise, skill and attitude of the salesmen.
Additionally, the increase of return rate makes the retailer have to reduce the sales price,
which will increase consumer demand and production rate to some extent. However, in
the long run, the increase of return rate will reduce the profit of retailers. Hence, the
retailer should provide consumers with high-quality products and services. The measures
mentioned above can not only increase the loyalty of consumers to the products, but also
help to enhance the credibility of the retailer. Finally, when stochastic reference price is
considered, we have known that the shipping fee m and cross-selling profit l are not the
key factors that retailers consider when making their pricing and production decisions.
This provides the necessary guarantee for retailers to implement precise policies.

7. Conclusion

Our research complements the existing research stream in coordinating pricing and
inventory replenishment decisions under omni-channel retail environmental by taking into
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the consideration of consumers’ stochastic reference price effects. Specifically, this paper
utilizes the consumers’ stochastic reference price in prospect theory to analyze an omni-
channel retailer’s joint dynamic pricing and production management problem in which
consumers can cancel their orders before payment and return the products after payment
if the products don’t meet their expectation. The omni-channel retailer’s optimal pricing
and production rate are derived by maximizing the total expected profit under stochastic
reference price effects over an infinite horizon in a continuous framework. In addition, a
set of sensitivity analysis is discussed to characterize the impacts of system parameters
on the optimal decisions and some managerial insights are revealed. Our main results are
summarized as follows. First, our analysis shows that the optimal price and production
rate are linear feedback form of the two state variables (i.e., inventory level and reference
price) when production and inventory/shortage cost are strictly convex. Moreover, the
sufficient conditions of stability and monotone convergence properties are derived for
the expected steady state inventory and reference price. Second, we investigate how
key system parameters affect the optimal decisions. The demand uncertainty has a
negative impact on the retailer’s profit Vss in the steady state. The uncertainty of the
reference price ε has positive impacts on the retailer’s sales price p∗ss and profit Vss in
the steady state. The reference price effect intensity γ has negative impacts on the
optimal sales price p∗ss, inventory level and profit Vss. Furthermore, the memory factor λ
and the fraction of online consumers choosing to BOPS σ have positive impacts on the
optimal sales price p∗ss, inventory level xss and profit Vss. The return rate ξ and φ have
negative impacts on the optimal sales price p∗ss, inventory level xss and profit Vss. This
research fills the gap of behavioral operation in the field of omni-channel joint pricing
and inventory management in a continuous framework.

Appendix

The Derivation of the HJB equation (4.1).
Let V (X,R) be the profit-to-go function, when the state variables at time t are

(X,R). By the principle of optimality

V = max
u(t),p(t)∈Ω

{[(λ1((p−s)(1−ξ)−m)+λ2((p−s)(1−φ)+l)+s)·(β0−β1p(t)+γ(R(t)−p(t)))

−C(u(t))−H(X(t))]dt+e−zdtV (X+dX,R+dR)}. (A.1)

Using the Taylor series expansion, the term V (X+dX,R+dR) in (A.1) can be written
as:

V (X+dX,R+dR) =V (X,R) + VXdX + VRdR+
1

2
VXX(dX)2 +

1

2
VRR(dR)2

+
1

2
VXRdXdR+ highter-orderterms. (A.2)

For convenience, introduce notations f = u(t) − (β0 − β1p(t) + γ(R(t) − p(t))) and
g = λ(p(t)−R(t)). It follows from the multiplication rules of stochastic calculus, we get
(dt)2 = 0, dW (t)dt = 0, d(W (t))2 = dt, dW (t)dY (t) = 0 and e−zdt = 1− zdt, Then

(dX)2 = f2(dt)2 + δ2(dW (t))2 + 2fδW (t)dt = δ2dt, (A.3)
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(dR)2 = g2(dt)2 + ε2(dY (t))2 + 2gε
√
R(t)dY (t) = Rε2dt, (A.4)

dXdR = fg(dt)2+fε
√
R(t)dY (t)dt+gδdW (t)dt+δεdW (t)dY (t) = 0. (A.5)

Substituting (A.2)-(A.5) into (A.1) gives

V = max
u(t),p(t)∈Ω

{[(λ1((p−s)(1−ξ)−m)+λ2((p−s)(1−φ)+l)+s)·(β0−β1p(t)+γ(R(t)−p(t)))

−C(u(t))−H(X(t))]dt+(1−zdt)V +VXdX+VRdR+
1

2
δ2VXXdt

+
1

2
ε2RVRRdt+o(dt)}. (A.6)

Canceling the term V on both sides of (A.6), dividing the remainder by dt, and
letting dt→ 0, we obtain the HJB equation (4.1). This completes the proof. �

Proof of Proposition 1. The optimal sales price p∗ and production rate u∗ can be
derived by maximizing the right hand side of HJB equation (4.1) with respective to p
and u. �

Proof of Corollary 1. Since C(u) = c1u + c2u
2 and H(X) = x1X + x2X

2 the HJB
equation (4.1) becomes

V = max
u(t),p(t)∈Ω

{[λ1((p−s)(1−ξ)−m)+λ2((p−s)(1−φ)+l)+s]·[β0−β1p(t)+γ(R(t)−p(t))]

−(c1u+ c2u
2)− (x1X + x2X

2)+Vx[u(t)− (β0−β1p(t)+γ(R(t)−p(t)))]

+VRλ(p(t)−R(t))+
1

2
δ2VXX+

1

2
ε2RVRR}. (A.7)

Hence, maximizing the right hand side of HJB equation (A.7) with respective to p
and u, which gives the result. This completes the proof. �

Proof of Proposition 2.
(i) The Derivation of the Riccati System. When the profit-to-go function V (X,R) is

quadratic, i.e., V (X,R) = a1 + a2X + a3X
2 + a4XR+ a5R+ a6R

2 by substituting
this quadratic expression as well as (4.5) and (4.6) in Corollary 1 into the HJB
equation (4.1), and comparing the coefficients of the corresponding terms on both
sides of the equation, we can get the following Riccati System of ai (i = 1, . . . , n):

4∆2
1c2za1 = 4∆1c2[α1∆2+(β1+γ)α1a2]+4∆1c2λα1a5−4c2(β1+γ)(1−λx1−λ2φ)α2

1

+4∆2
1c2[(λ1ξ+λ2φ)sβ0+(λ1m+λ2l)β0−β0a2+δ2a3]−2∆2

1c1(a2−c1)

−∆2
1(a2−c1)2+2∆2

1(a2−c1)a2,

2∆2
1c2za2 = 2∆1c2[α2∆2+(β1+γ)(a2+2α1a3)+λ1(α1a4+α2a5)−4α1α2c2(β1+γ)

× (1−λ1ξ−λ2φ)−2∆2
1a2a3−2∆2

1c2x1+∆2
1(4a2a3−2c1a3)−4∆2

1c2β0a3,

∆2
1c2za3 = ∆1c2[2α2(β1+γ)a3+λ1α2a4]−c2α

2
2(β1+γ)(1−λ1ξ−λ2φ)−∆2

1c2x2+∆2
1a

2
3,

∆2
1c2za4 = ∆1c2[(β1+γ)(2α3a3+α2a4)+λ1(α3a4+2α2a6)+∆2

1a3a4−∆2
1c2(2γa3+λa4)

−2c2α2α3(β1+γ)(1−λ1ξ−λ2φ),
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4∆2
1c2za5 = 4∆1c2[α3∆2+(β1+γ)(α3a2+α1a4)+λ1(α3a5+2α1a6)+(1−λ1ξ−λ2φ)γα1]

−8c1α1α3(β1+γ)(1−λ1ξ−λ2φ)+4∆2
1c2[(λ1ξ+λ2φ)sγ+β0(λ2l−λ1m)γ]

−2∆2
1α2a4+2∆2

1(2a2a4−c1a4+a2
4)−4∆2

1c2(a2+β0a4)+4∆2
1c2(λa5−ε2a6),

∆2
1c2za6 = ∆1c2α3[(β1+γ)a4+2λ1a6+(1−λ1ξ−λ2φ)γ]−c2α

2
3(β1+γ)(1−λ1ξ−λ2φ)

−∆2
1a

2
4−∆2

1c2(γa4+2λa6),

where ∆1 = (β1+γ)(1−λ1ξ−λ2φ) > 0, α4 = (1−λ1ξ−λ2φ)β0 + (β1+γ)a2 + λa5 −
(λ1ξ + λ2φ)s, a2 = 2(β1+γ)a3 + λa4, α3 = (1−λ1ξ−λ2φ)γ + (β1+γ)a4 + 2λa6.

(ii) Since VX = a2 + 2a3X + a4R and VR = a4X + a5 + 2a6R, substituting VX and VR
into (4.5) in Corollary 1 yields (4.8).

(iii) Substituting VX = a2 + 2a3X + a4R into (4.6) in Corollary 1 yields (4.9). This
completes the proof. �

Proof of Proposition 3. Substituting the optimal strategies (4.8) and (4.9) into (3.5)
and (3.1) yields:

dX =
[(a2−c1

2c1
−β0+

β1+γ

∆1
α1

)
+
(a3

c2
+
β1+γ

∆1
α2

)
X+

( a4

2c2
+
β1+γ

∆1
α3−γ

)
R
]
dt

+δdW (t), (A.8)

dR =
λα1

∆1
+
λα2

∆1
X +

(λα3

∆1
− λ
)
R+ ε

√
R(t)dY (t). (A.9)

Taking expectation of both sides of (A.8) and (A.9), we have

Ẋ =
a2−c1

2c1
−β0+

β1+γ

∆1
α1+

(a3

c2
+
β1+γ

∆1
α2

)
x+
( a4

2c2
+
β1+γ

∆1
α3−γ

)
r, (A.10)

ṙ =
λα1

∆1
+
λα2

∆1
x+

(λα3

∆1
− λ
)
r, (A.11)

where x = E(X) and r = E(R). Setting ẋ = 0 and ṙ = 0 in (A.10) and (A.11) and
solving the resulting two equations in two unknowns x and r gives the expression of r∗ss
and xss. Moreover, taking expectation of both sides of (3.1) and setting the resulting
equation to zero gives p∗ss = r∗ss. This completes the proof. �

Proof of Proposition 4. The Jacobian matrix for the linear system of equations ẋ = 0
and ṙ = 0 in (A.12) and (A.13) is as follows:

J =

 a3

c2
+
β1+γ

∆1
α2

a34

2c2
+
β1+γ

∆1
α3 − γ

λα2

∆1

λα3

∆1
− λ


Thus, the determinant and trace of Jacobian matrix J are

det(J) =
2λ(α3 −∆1)[∆1a3 + c2α2(β1 + γ)]− λα2[∆1a4 + 2c2(β1 + γ)− 2γc2∆1]

2c2∆2
1
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and

tr(J) =
∆1a3 + c2α2(β1 + γ) + λc2(α3 −∆1)

c2∆1

Using the stability criteria of Section 3.3 in Strange [33], if det(J) > 0 and tr(J) < 0,

then the expected steady state inventory xss and reference price r∗ss are asymptotically

stable. Moreover, if [tr(J)]2−4 det(J) ≥ 0, the stable steady state inventory xss and ref-

erence price r∗ss are monotonically convergent. If [tr(J)]2−4 det(J) < 0, the convergence

is with transient oscillations. This completes the proof. �

Acknowledgements

The authors thank the editors and two anonymous referees for their valuable com-

ments and suggestions that substantially improved this paper. This study is partially sup-

ported by the Science and Technology Commissioner of Fujian Province and their team

funding, the Natural Science Foundation of Hebei Province under grant G2019203387

and the Doctoral Research Start-up Foundation of Inner Mongolia University for The

Nationalities under grant BS653.

References

[1] Arnold, L. (1974). Stochastic Differential Equation: Theory and Applications, New York, Wellesley,
USA.

[2] Bi, W, Li, G. and Liu, M.(2017). Dynamic pricing with stochastic reference price effects based on a
finite memory window, International Journal of Production Research, Vol.55, 3331-3348.

[3] Cao, Y. and Duan, Y. R. (2020). Joint production and pricing inventory system under stochastic
reference price effect, Computers & Industrial Engineering, Vol.143, 1-12.

[4] Chen, X., Hu, P., Shum, S. and Zhang, Y. (2016). Dynamic stochastic inventory management with
reference price effects, Operations Research, Vol.64, 1529-1536.

[5] Chen, X., Hu, Z. Y. and Zhang, Y. H. (2019). Dynamic pricing with stochastic reference price effect,
Journal of the Operations Research Society of China, Vol.7, 107-125.

[6] Choi, t. M. and Guo, S. (2017). Responsive supply in fashion mass customisation systems with
consumer returns, International Journal of Production Research, Vol.56, 3409-3422.

[7] Fan, C., Liu, Y. M., Yang, X. H., Chen, X. H. and Hu, J. H. (2019). Online and offline coopera-
tion under buy-online, pick-up-in-store: Pricing and inventory decisions, Journal of Industrial and
Management Optimization, Vol.15, 1455-1472.

[8] Fibich, G., Gavious, A. and Lowengart, O. (2003). Explicit solutions of optimization models and
differential games with nonsmooth (asymmetric) reference-price effects, Operations Research, Vol.51,
721-734.

[9] Forrester Research. (2014). Customer desires vs. Retailer capabilities: Minding the omni-channel
commerce gap, Forrester Consulting.

[10] Gimpl-Heersink, L., Rudloff, C., Fleischmann, M. and Taudes, A. (2008). Integrating pricing and
inventory control: Is it worth the effort? BuR-Business Research, Vol.1, 106-123.
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